Abstract. Recently, we have researched certain twisted product CR-submanifolds in a Kaehler manifold and some inequalities of the second fundamental form of these submanifolds [11] .
Twisted product manifolds
Let (M 1 , g 1 ) and (M 2 , g 2 ) be Riemannian manifolds and M be a (topological) product manifold of M 1 and M 2 . We define a Riemannian metric g of M as g(U, V ) = e f 2 g 1 (π 1 * U, π 1 * V ) + g 2 (π 2 * U, π 2 * V ) for any U, V ∈ T M , where f denotes a positive differentiable function on M , T M is the tangent bundle of M , π 1 (resp. π 2 ) is a projection operator of M to M 1 (resp. M 2 ) and π 1 * (resp. π 2 * ) is the differential of π 1 (resp. π 2 ). Then the manifold M is called a twisted product manifold with an associated (or a warping) function f and we write it M = M 1 × f M 2 [8] . In particular, if the associated function f is in M 2 , then the manifoldM is a warped product [12] .
Let M = M 1 × f M 2 be a twisted product manifold with the associated function f and let dim M 1 = n 1 , dim M 2 = n 2 and dim M = n = n 1 + n 2 . Moreover, let ( 1 ), (n 1 + 1, n 1 + 2, . . . , n 1 + n 2 ) and (1, 2, . . . , n 1 + n 2 = n), respectively. From (1.1), we have
where ∂ k = ∂/∂x k and ∂ a = ∂/∂x a . Next, using (1.1) and (1.2), we calculate the Christoffel symbols { ν λ µ } with respect to g µλ which are given by
By virtue of (1.2) and (1.3), we obtain
where
By virtue of (1.4), we get 
for any V, U ∈M , where∇ denotes the covariant differentiation with respect tog, α ♯ is the dual vector field of α, the 1 form β is defined by β(X) = −α(JX), β ♯ is the dual vector field of β and TM means the tangent bundle ofM .
CR-submanifolds in an l.c.K.-manifold
In general, between a Riemannian manifold (M ,g) and its Riemannian submanifold, we know the Gauss and Weingarten formulas
where σ is the second fundamental form and A ξ is the shape operator with respect to ξ [7] . The second fundamental form σ and the shape operator A are related byg(
In [10] , we proved the following 
A CR-submanifold is said to be proper if it is neither holomorphic nor totally real.
In a CR-submanifold M in an l.c.K.-manifoldM , we know the following formulas [10] 
. In a CR-submanifold M of an almost Hermitian manifoldM , we denote by ν the complementary orthogonal subbundle of JD ⊥ in the normal bundle T ⊥ M . Then we have the following direct sum decomposition
Definition 3.1. LetM be a Riemannian manifold with a metric tensorg. A submanifold M is said to be a twisted product submanifold ofM if it satisfies (i) M is a Riemannian submanifold ofM , (ii) M is a twisted product manifold of two submanifolds
is an induced metric ofg for any U, V ∈ TM and a positive differentiable function f on M , where π 1 (resp. π 2 ) is the projection operator ofM to M 1 (resp. M 2 ), and π 1 * (resp. π 2 * ) is the differential of π 1 (resp. π 2 ).
(iv) the submanifolds M 1 and M 2 are orthogonal, that is,g(X, Z) = 0 for any X ∈ T M 1 and Z ∈ T M 2 .
Twisted product CR-submanifolds in a locally conformal Kaehler manifold
In this section, we consider a special twisted product submanifold in an l.c.K.-manifold.
Definition 4.1. A submanifold M in an l.c.K.-manifoldM is said to be the first (resp. second) kind twisted product CR-submanifold inM if it satisfies (i) M is a product manifold of a holomorphic submanifold M ⊤ and a totally real submanifold M ⊥ ,
(ii) for a certain Riemannian metric tensor g 1 (resp. g 2 ) on M ⊤ (resp. M ⊥ ) and a positive differentiable function f on M ,
Then we write the first (resp. second) kind twisted product CR-submanifold
Remark 4.2. In our submanifold, since the holomorphic distribution D is integrable, we have to assume that the second fundamental form σ satisfies (3.1).
Remark 4.3. About warped product and doubly warped product CR-submanifolds in an l.c.K.-manifold, we can find in [3, 4, 5] . 
for any Y, X ∈ D and Z, W ∈ D ⊥ , where ∇ 1 (resp. ∇ 2 ) denotes the covariant differentiation with respect to g 1 (resp. g 2 ).
Proposition
For a proper first kind twisted product CR-submanifold
Proof. For any Y, X ∈ D and Z ∈ D ⊥ , we have from (2.2) and (4.3)
Using (4.3) and the above equation, we have (1).
In (1), if we put JX instead of X, then we havẽ
In the above equation, the left-hand side is symmetric and the right-hand side is skew symmetric with respect to X and Y . So, we have (2). From (2), (1) is written as
Finally, for (3), we have from (2.2) and (4.3)
which means (3).
By virtue of (2) in the above proposition, we know Proof. By the assumption, we easily know the function f is in M ⊤ which means our proposition.
Next, we consider the second kind of twisted product CR-submanifold M
In the similar way with a first kind case, we obtain (4.4)
Equations (4.4) mean (4.5)
, where ∇ 1 (resp. ∇ 2 ) denotes the covariant differentiation with respect to g 1 (resp. g 2 ).
By virtue of (2.2) and (4.5), we obtain
The proof of Proposition 4.3 is similar to Proposition 4.1. So, we omit it. By virtue of (2) 
The length of the second fundamental form
In this section, we consider the length σ of the second fundamental form σ of twisted product
Using the adapted frame, the length σ of the second fundamental form σ is defined as
{g(σ(e λ , e µ ), e r )} 2 .
The equation (5.1) is separated as
that is, 
Substituting (5.3) into (5.2), we have
where α
Thus we have Next, we consider the second kind of twisted product {(e i log f )(e * i log f )} 2 .
By virtue of (5.7), we obtain 
